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1 Introduction
It is well known that structure theory is a basic tool for the manipulation of any algebraico-
geometrical object, hence this study. In this paper we intend to introduce the notion of solvability
for any ideal [2] of Bol algebra and semisimplicity. Our approach uses the notion of solvability
introduced in [7] and the one of [8]. By using properties of the dened expression, we will be
able to dene the notion of the radical of a nite dimensional Bol algebra. Using the notion of
an enveloping pair [3, 9] on which Bol algebras are rooted we establish the fact that if any Bol
algebra is solvable then its enveloping Lie algebra is solvable; likewise if it is simple. As in [1],
it is shown that the Levi-Malcev theorem is not valid for Bol algebra in the classical sense but
for a class of Bol algebras called homogeneous. Thus, Bol algebra allows deformation, but the
deformation is quite dierent from the deformation associated with Lie algebras. Bol algebras
are also signicant in Mathematical Physics.
2 Basic denition
Denition 1. Any vector space V of B with the operations
;  !    2 V;
; ;  ! (; ; ) 2 V (; ;  2 V )
and identities
   = 0; (; ; ) + (; ; ) + (; ; ) = 0;
(; ; )  (; ; ) + (; ;   )  (; ;   ) +    = 0;
(; ; (; ; !)) = ((; ; ); ; !) + (; (; ; ); !) + (; ; (; ; !))
is called a Bol algebra.
We will note that any Bol algebra can be realized as the tangent algebra to a Bol Loop with
the left Bol identity, and they allow imbedding in Lie algebras. This can be expressed as follows:
let (G;; e)- be a local Lie group, H- one of its subgroups, and let us denote the correspond-
ing Lie algebra and subalgebra by G and h. Consider a vector subspace B such that
G = huB. Let  : G  ! G nH be the canonical projection and let 	 be the restriction of
mappings composition Æexp, to B. Then there exists such a neighbourhood U of the point O in
















by introducing a local composition law:
a ? b = 
B
(ab)






 : G  ! B is the local projection on B parallel to H which puts every element a 2 B in
correspondence so that g = ap, where p 2 H. We will emphasize that if any two local analytic
Loops are isomorphic then their corresponding Bol algebras are isomorphic [4, 5, 6, 9, 10, 11,
12, 13].
3 Solvable Bol algebras
Let B be a Bol algebra over a eld K of characteristic 0.
Denition 2. We say that the subspace V is a subsystem of B if (V;V;V)  V and an
ideal if (V;B;B)  V and V B  V.
Our idea is to follow the general notion and keep out the condition of Bol algebras to give







;B) 8n  0







 ::::::  V
(0)
= V
Denition 3. We say that the ideal V is solvable if there exist k  0 such that V
(k)
= 0.
The given denition was developed in [8] for a trilinear operation. For Bol algebras we have
a bilinear and a trilinear operation. Therefore, we will now dene the ideal of Bol algebras, by
considering the two operations.
Let W be an Ideal related to the l.t.s of Bol algebras B and let us dene the subsystem M
by M =W W+ (W;W;B).














Theorem 1. 8n > 0 W
(n)




For proof of this theorem, we will use the induction on n.










= W W +
(W;W;B).
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We have, W W
0
=W W W+W(W;W;B) considering the identities of the denition of







;W;W) = (W;W; (B;W;W)) W
0
.




























































After conducting the examination one can state the following denition:
Denition 4. The subsystem W of a Bol algebra B is an ideal of B if
W W+ (W;W;B) W.




We will discuss the notion of maximal ideal:
Lemma 1. If V and W are solvable ideals then so is V+W.
Proof:
Assume that n, k exist, such that V
(n)
= 0 and W
(k)























We show that (V +W )
(n)




= (V +W )  (V +W ) + (V +W;V +W;B)































= (V +W )
(k)
 (V +W )
(k)
+ ((V +W )
(k)













+ V \W; (V +W )
(k)
;B):
After opening and rearranging we obtain the result.
This leads us to dene the radical of Bol algebras.
Denition 6. The radical R of a Bol algebra B is the maximal and unique solvable ideal.
Denition 7. A Bol algebra is said to be semisimple if its radical is zero.
As they are constructed, Bol algebra can be enveloped in Lie algebra. We now discuss some
facts about it using the notion of pseudo-derivation. Following [11] we know that Bol algebras
are dened from two operations () and (; ; ) verifying a series of conditions. In what follows, we
will discuss some results from [11].
Denition 8. The linear endomorphism
Q
of the binary-ternary algebra B with the com-
position law X  Y and (X;Y;W ) will be called pseudo-derivation with the component Z if
Y
(X  Y ) = (
Y
X)  Y +X  (
Y
Y ) + (Z;X;Y ) + (X  Y )  Z
Y
(X;Y;W ) = (
Y
X;Y;W ) + (X;
Y




The pseudo-derivation of Bol algebra B form a Lie algebra with respect to the operation of












































Z. We denote the algebra formed by the pseudo-derivation by
pderB. Using this notation we re-write the denition of Bol algebra as follows:
Denition 9. The binary- ternary R-algebra B with the bilinear () and the trilinear (; ; )
operation is called a Bol algebra if:
 X X = 0
 (X;Y; Y ) = 0
 (X;Y;Z) + (Z;X;Y ) + (Y ;Z; Y ) = 0
 the endomorphism D
X;Y
: Z  ! (Z;X;Y ) is a pseudo-derivation with the component
X  Y .







p derB; a component of
Q
g
is a Lie algebra under a proper operation.
5
This notion of pseudo-derivation helps to dene the enveloping Lie algebra for a Bol algebra.
In [11] it is proved that for any Bol algebra B with the operation X  Y and (Z;X;Y ) there
is a pair of algebras (G; h) such that G = B u h, and [B; [B;B]  B, [B;B] \ B = f0g
with pro:B
[X;Y ]
= X  Y and (Z;X;Y ) = [Z; [X;Y ]] where X;Y;Z 2 B: This implies that
[X;Y ] = X  Y + [ X  Y + (D
X;Y
;X  Y )].
If V is an ideal of Bol algebra B and G its universal enveloping Lie algebra, then any ideal
W generated by V coincides with V u [V;B].
We have the following theorem:
Theorem 2. Let V be a solvable ideal in B then W = V u [V;B] is also a solvable ideal in
B.
Before proving this theorem, we state the following lemma.
Lemma 2. If V is a solvable ideal in B and
e
V an extension of V such that
e













= (V + [V;B])
(k 1)
 (V + [V;B])
(k 1)
+ ((V + [V;B])
(k)
; (V + [V;B])
(k)
;B)
Here we see that the power on the left side is a function of k. We will then write p = p(k)
therefore, we have the following lemma:




























The proof of this lemma is by induction. Here we will assume that, if k = 0 then p = 0. For

































































Proof of the theorem.
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Since the power of the right side of the theorem is a function of k, then by applying the
lemma up to the reduction, we obtain the result. Hence the theorem is proved.
From this theorem we have the following corollary:
Corollary If B is a solvable Bol algebra then the universal enveloping Lie algebra G =
BuB ^B is solvable.
4 The Killing-Ricci form for Bol algebras and semisimple Bol
algebras
In this section we shall follow the construction in [7]. A Lie triple algebra (L.t.a) is dened, as
an anticommutative algebra over a eld F , whose multiplication is denoted by XY for X;Y 2 U.
Denote by D (X; Y )Z the inner derivative satisfying a series of identities [14, 15]. Bol algebras
have the same construction as L.t.a; only that the endomorphism D (X;Y )Z is called the inner
pseudodierential of the algebra B. The universal enveloping Lie algebra of B is a Lie algebra
G =BuD (B;B) such that the commutator in G is dened as: [; ] =  +(; ). Conversely,
if we have any Lie algebra G and a subalgebra h, we can dene the operation in B such that
   =
Q
B
[; ]. The projection, is parallel to h. As we have seen, Bol algebra allows imbedding
in Lie algebra, letB be a Bol algebra and let e
i




the basis of the pseudo-derivation space D (B;B). We assume that D (B;B) 6= 0 we dene the











































where the indices i; j; k; l 2 f1; ::::ng and  2 f1; ::::::; Ng and
G = BuB ^B
is universal enveloping Bol algebra. We denote by , the Killing form of the universal enveloping
Lie algebra. By the killing-Ricci form  of the Bol algebra we understand a symmetric bilinear
form on B determined by the restriction of  to B ^B.
Proposition 1. For any ;  2 B, we have the following relation:
(:) = tr(L(; ) + L(; ))










be a basis in the pseudo-derivation algebra.





























































































































































Hence the proposition is proved.
An elementary check- up shows that  induces the properties of the form  for the Lie
algebra G.
Denition 10. We say that a Bol algebra B is semisimple if it contains only trivial ideals.
Let b be an invariant symmetric bilinear form on B satisfying the following condition:
b(X  Y;Z) = b(X;Y  Z) ()
b((X;Y;Z); t) = b(Z; (X;Y; t))
Following [7] we will introduce the notion of perpendicularity by means of the form of an
object relatively to B.
Let I be an ideal of the Bol algebra B, in particular we can assume I4B. We will dene








= fX 2 B=b(I;X) = 0g
After introducing these concepts, this leads us to the following denition:
Denition 11. The set C dened as
C = fX 2 B=B X = 0; (B;B;X) = 0g


















: This implies that b(X;B;B) = 0. By using () we have b(X; (B;B;B)) =
0 and hence (X B;B) = 0. Also b((B;B;X);B) = 0 gives X B = 0 and (B;B;X) = 0 hence,
















= C. Hence by taking the









Following Lie algebra theory and the result in [7] we can state the following Theorem:
Theorem 3. Let B be a nite dimensional Bol algebra and let b be an invariant nondegen-
erated form on B that does not contain trivial ideals of the form:
I
(1)
= I  I + (I; I;B) = 0











) = 0 for i 6= j and each of the ideal B
i
is a simple Bol algebra.
Proof:
Let I be an ideal of B. We can dene the sets I
>
r
and I \ I
>
r
are also ideals of B. Then
denoting by M = I \ I
>
r
which is normal in B and we will have b(M;M) = 0; b(B;M M) = 0;
b(B; (M;M;B)) = b(B; (M;B;M)) = 0.
HenceM
(1)
= 0 andM = 0. We then haveB = IuI
>
r
, and b(I; I
?
r




; I) = 0. We have I  B which is an ideal and so we can dene I
(1)




which is also an ideal of I therefore I = I
(1)




Since I  I
>
r
and (I; I; I
>
r
)  I \ I
>
r
= 0 then b(I
>
r
; I  I) = b(I  I
>
r
; I) = 0 and b(I
>
r


















now the rest of the theorem
is established by the induction on dimB.
As in [7] we can state the following theorem for Bol algebra.
Theorem 4. Let B be a nite dimensional Bol algebra over a eld of characteristic zero
and let  be the Killing-Ricci form then:
1. The universal enveloping Lie algebra G of B is solvable if and only if B and (B;B;B) are
orthogonal.
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2. G is simple if and only if  is nondegenerated.
3. If the form  is non degenerate and invariant, then B can be split into the direct sum of












is a universal enveloping simple Lie algebra and we have B = (B;B;B):
Proof:
In the proof of this theorem, we have to consider all the results of Lie algebras relative to
the Killing form.
1. If G is a solvable Lie algebra then (G; [G;G]) = 0. As we know, [G;G] = (B;B;B) u
[B;B] and so (B; (B;B;B)) = 0.
conversely, if (B; (B;B;B)) = 0 then [B;B] = DerB (set of pseudo-derivation) and
so (B; [G;G]) = 0. It follows that B lies in the radical of G and hence B is solvable.
Moreover, using the result of the corollary above about solvability we say the enveloping
Lie algebra is also solvable.
2. Let G be a simple Lie algebra then the Killing form on G is non degenerate Since G can
be split into a direct sum of orthogonal subspace B and [B;B] relative to , then these
sudspaces are also non degenerate. In particular, the form  is non degenerate. Conversely,










such that X  ! X

.
The operation in G











[D(X;Y );D(U; V )] = D(X;Y )D(U; V ) D(U; V )D(X;Y )
= D((X;U; V ); Y ) +D(X; (Y;U; V ))
where X;Y;Z; U; V 2 B.
Let 
0



















is non degenerate on B

, one can easily verify that 
0
is also non degenerate; it is






] are orthogonal relatively to 
0
. So by a simple





























8X;Y 2 B then (YD)






is semisimple hence the trilinear operation is semisimple.
3. Let us assume that  is non degenerate and invariant as in the second point; we have
the trilinear operation semisimple, and so B is semisimple. By using Theorem 3. which
states that B can be split into a direct sum of simple orthogonal ideal B
i










































is the enveloping algebra of B
i
hence the theorem is proved.
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